The semiclassical theory of spectral line broadening developed in the previous paper of this series is used to calculate the half-widths and shifts of nonoverlapping rotational spectral lines of CO, HCl, and OCS, broadened by inert gases. Comparisons are made with the available experimental data and with related theoretical analyses, and reasonable agreement is obtained. The method used applies both to fairly quantum systems as well as to the relatively classical ones. A symmetrized semiclassical expression for Wigner 6-j symbols is given and applied.
I. INTRODUCTION
The effect of collisions on molecular spectral line shapes has been calculated by a variety of perturbative and nonperturbative methods. 1 In the present paper we apply the semiclassical theory of the linewidths and shifts developed in the preceding paper of this series 2 (hereafter referred to as Part I). These first applications are made to the CQ-He, HCl-He, HCl-Ar, OCSHe, and OCS-Ar systems, 3 each of which has been extensively studied and for each of which a potential energy function is available. 4 • 5
The CO, OCS, and HCl-He systems have been treated by a classical-type method by Gordon, 4 who calculated linewidths. 6 • 7 Using instead a classical path method, widths and shifts have been calculated for the HCl-Ar system by Neilsen and Gordon. 5 This latter method assumed a zeroth order decoupling of the relative translational and internal motions, of which the former was treated by classical mechanics and the latter by timedependent quantum mechanics for the coupled internal states. Although this second method was called semiclassical, it is not to be confused with "semiclassical" as used in the present series. It has been suggested 8 that the HCl-Ar system is best treated using the classical path method for the low rotational angular momenta and the classical method for the higher ones. The present paper investigates the use of the semiclassical method for both cases for this and the other systems.
During the course of many studies on the collisional broadening of spectral lines, three collisional effects occur, and at least some have been included in each of those studies. These effects are collisional deactivation, collisionally induced phase shift of the molecular motion of the absorber, and collisionally induced reorientation of that rotating molecule (absorber). The first of these effects has a major effect on the linewidth, while the second has a major effect on the line shift, and the third has some influence on both. A helpful discussion of all three has been given by Gordon in his classicallike analysis.
A comparison of the two with the exact values of these coefficients is given later in Table I .
II. METHODOLOGY
The reduced line shape expression for nonoverlapping rotational lines is the familiar Lorentzian, one with a negative-resonance term, given in Part I as where I(w) is the reduced line shape; Im denotes "imaginary part of"; j 1 and j 1 denote the initial and final rotational quantum numbers, respectively; J.L is the dipole moment operator in a term which is the reduced matrix element of J.L; p 1 and p 1 are the normalized Boltzmann density distributions of j 1 and j 1 , apart from the relevant degeneracies 13 ; w is the angular frequency of the incident radiation; w 0 is the angular frequency corresponding to the transition j 1 -j 1 ; and w and d are half-width and shift of the line j 1 -j 1 , respectively. The latter are defined by the real and imaginary parts of a velocityweighted ensemble-averaged collision cross section:
d=-Nim(va 11 , 11 ) , (2. 2) where N is the number density of the perturbers, i and f denote it and j 1 , and where (va 11 ,if)= J: va 11 , 11 (v) where the subscript i's and fs denote the quantities before and after interaction with the radiation, respectively; unprimed and primed variables represent preand post-collisional quantities; j's, l's, and J's represent the appropriate rotational, orbital, and total quantum numbers; the terms in braces are Wigner 6-j symbols; K is the tensorial order of the interaction with the radiation, and is unity for dipolar microwave spectra; k is the wavenumber of the relative motion between the atom and diatom; and S denotes the scattering S matrix. The assumptions used in deriving (2.1), (2. 3), and (2. 5) were (i) the system is dilute enough in absorber molecules that absorber-absorber interactions may be neglected, (ii) the system is at sufficiently low pressures that the approximation of uncorrelated binary absorberperturber molecular collisions and distribution functions may be used, and (iii) most importantly, the impact approximation is valid.
The details of the transformation of (2. 5) into its semiclassical form were given in Part I. The assumptions made in this transformation were the following: (i) use of a primitive semiclassical form of the S matrix, or some uniform version when necessary, (ii) sums in (2. 5) over the quantum numbers l, l', and J 1 may be converted into integrals so that a partial averaging technique 14 may be utilized, (iii) use of a semiclassical-like expression for the Wigner 6-j symbol, given by Eq. (2. 6) below. There is also an approximation used analogous to that used in the normalization of the primitive semiclassical wavefunctions in general: The preexponential factors of the two semiclassical S matrices are replaced by a common one which uses an average j, J, and E, and the phases of those twoS matrices are expanded about this average j, J, and E, retaining only the linear terms in the expansion. This approximation of course works better the closer the collision dynamics of the j 1 and j 1 states. The symbols j" f, and J 1 will be used to denote j 1 + t, l + t, and J 1 + t, and li is set equal to unity. The arithmetic mean of J 1 and j~ and that of J 1 and J 1 are denoted by J and J, respectively.
An expression is available in the literature for the 6-j symbol valid for the case where five of the six angular momenta are large relative to the sixth. 12 In the present case, three of the angular momenta, J 1 , J 1 , and l, are usually large, while K is unity, j 1 isj 1 ± 1, and h is usually small. A semiclassical expression, obtained by symmetrizing the one given in Part I, is
The general quantum mechanical form of a generalized collision cross section a~1, , 11 for an atom-rigid rotor system is 1 ' 2 where X= J 1 -~ , 15 = j 1 -j 1 , and~ is the angle between the classical variablesj and Jshown in Fig. 1 and is given by given by
The expression in Part I, which had (2j 1 + 1)(2J 1 + 1) instead of (j 1 + j 1 + 1 )( J 1 + J 1 + 1 ), was prompted by the expression in Edmonds 12 for the case of five large momenta. Equation (2. 6) satisfies the relevant symmetry relations 15 exactly, while that in Edmonds satisfies some of them only approximately (see Footnote b in Table I given later). The comparison with exact values for the 6-j symbols is given later.
The semiclassical expression for the a~1, , 11 in (2. 5) is as obtained in Part I, apart from a few changes which are described in Appendix A of the present paper. We have, thereby, where Pj.,j is a transition probabilitylike quantity, whose primitive semiclassical value is (using the geometric mean approximation referred to earlier)
(2. 11) In these equations, primes denote post-collision quantities, as before; the coordinates canonically conjugate to J, f, and J, and PR are q 1 , q 1 , q J• and R (the separation distance), the angles being those described in 
For the first line in (2. 12), one finds that 5 and 5' can differ at most by an even integer (Appendix B), and one also obtains the selection rule j:-j 1 = an even integer. In Eq. (2. 11), n:, 6 (a{3y) denotes an expression given by Eq. (C6) in terms of~. ~', and several other quantities. It also proves to be a rotation matrix (Appendix C), where {3 is the angle between j and j', and is given by Eq. (2. 13); a and y are phase shift angles defined by (2. 14) and (2.15) and described in Fig. 2 :
Both a-(qj-wj t') and y-(q 1 -w 1 t) lie in the (0, 27T) interval, the quadrant in each case being determined from the signs of both the numerator and the denominator on the right hand sides of (2.14)-(2.15). The angle {3lies in the (0, 7T) interval, the angle ~ in (2. 13)-(2.15) is given by (2. 7), and ~' is given by a similar relationship.
The angles qj-w; t' and q 1 -w 1 t are denoted by q' and q, respectively, in and Py. ,; is a probability that the collision causes the transitionj -P, wherein, at the same time, each contribution to the effectiveness of the latter, I aj'/a(q 1 /211)1-l, is weighted by D:0 6 (a{3y), which describes the reorienting ({3) and phase shifting (a, y) effectiveness of the collision, as discussed in Appendix C.
When the primitive semiclassical approximation breaks down, it can be replaced by a uniformlike approximation, and indeed we have used the latter in some other studies on rotational energy transfer. However, in the present instance, the contribution to the line shape of such events Here q = q 1 -w 1 t and q' = q~-w~t' are constants in the asymptotic regions of the trajectory. ON has the same significance as in Fig. 1, and ON' is the corresponding line after collision.
was relatively small, and it sufficed for the present purposes to replace Eq. (2.11} by (2.16} for the event that the formerexpression exceeded unity:
("elastic collision") .
(2. 16}
While the present calculations are concerned with pure rotational lines, we shall also make use of some experimental data on rotational-vibrational spectra. It is recalled from Part I that the half-widths, w R and w p, and the shifts, dR and dp, of the R and P branches, respectively, can be written in the form
The potential parameters E:, Rm, a, r 1 , r 2 , a 1 , and a 2 for those systems are given in Table II , and several parameters in the latter had been optimized4.5 so as to give reasonable agreement of the experimental data with the theories that were used in Refs. 4 and 5.
For the OCS-He and OCS-Ar systems, the potential used 4 had an anisotropy in the attractive forces and no adjustable parameters, and is given by
where a 2 in (3. 2) is calculated from for OCS-Ar, while a 2 was 0, 28 for OCS. 16 These values differ slightly from those used in Ref. 4 . Since the potential (3. 2) was of the form V(R, x)= V(R, 11-x), the first expression in Eq. (2,12) was utilized to calculate the cross section in this case.
The method used in the present paper for evaluating (2. 3) and (2. 8)-(2.11) was a standard Monte Carlo technique. In the initial studies (CO, HCl systems), the integrals over J and ij 1 were evaluated by the so-called crude Monte Carlo procedure, while the integrals over v and l were evaluated by the stratified, group-sampled method. 17 In the later studies (OCS systems), the integrals over J, q 1 , v, and b were evaluated by another Monte Carlo procedure. 16 The results for the linewidths, obtained from Eqs. 
Ill. RESULTS
For the CQ-He, HCl-He, and HCl-Ar systems, a Buckingham exp-6 type potential (3. 1), was usedM: Table Ill , where the available experimental results are also given. The latter include both the half-widths of the microwave rotational lines, where available, and of the infrared rotational-vibrational lines. Comparison is also made there with the classical-type calculations of Gordon 4 for the CO, OCS, and HCl-He systems, and with the classical path calculations of Neilsen and Gordon 5 for the HCl-Ar system.
In reporting experimental widths and shifts, sometimes a Lorentzian is first used to fit the actual absorption coefficient E:(w) instead of the reduced linewidth I(w). 18 The resulting error is negligible for the infrared lines, but in the microwave case, the apparent shift would be reduced by about w 2 / w 0 , thus reducing somewhat the pure rotation figures in Table IV , as indicated there. The shifts dR and dp obtained from the R and P branches in infrared vibrational-rotational spectra were used to calculate i(dR-dp}, as noted in the previous section. These shifts are also reported in Table IV.  In Table IV, a shift calculated by Neilsen and Gordon   5 is also given.
To illustrate the velocity dependence of contributions to the line broadening and shifting, some relevant results for the He-HCl (5-6 line) system are given in Figs. 3 and 4. Using stratified sampling in which all variables but the velocity v were integrated, the contribution of each velocity interval to the half-width and spectral shift is given in these figures.
IV. DISCUSSION
The results in Table III for the half-widths are in quite reasonable agreement with those which Gordon and co-workers obtained by two quite different methods, namely by a classical method for the CO, OCS, and HCl-He systems and by the quantum-internal-statesplus-classical-path method for the HCl-Ar system. Table IV ! (dR -dp)a <A.2> <A.2> <A.2> (-w 2 / w 0 ) is given in Table IV . The theoretical shifts themselves are less accurate than the theoretical widths.
Both the experimental and calculated line shifts in
The trends present in both the experimental and theoretical results include The present calculations indicate that effect (i) is primarily due to an increase in the probability of an elastic collision, with increasing 3: The higher the frequency of the internal motion, the more the principal rotational quantum number tends to be unchanged by collision, other things being equal. Effect (ii) is due to a decrease in magnitude of the typical phase shifts a+ 'Y at the higher J's, in part because of less distortion of the rotational motion by collision. Effect (iii) is reflected primarily in the larger values of a+ 'Y for the HCl systems. The low moment inertia molecule undergoes relatively larger distortions than a high moment of inertia molecule during the elastic collision. An analogous situationoccurred in some collinear calculations of vibrational-translational energy transfer in an AB+ C system: where the middle atom B was light it underwent large distortions during an elastic collision. 19 Analogously, Ar distorts the HCl rotation, and more than does He.
The effect of the dependence of inelastic collisions on the relative velocity of the collision partners may be seen from Figs. 3 and 4: The contributions to the halfwidth w and shift d from various velocity intervals (v, v + dv) are given as a function of v and compared with the velocity weighted distribution function v 3 exp(-p.v 2 / 2ksT) which appears in the integrands. The parallelism is quite marked, but a specific velocity effect is also clear: The curve for the contribution to w is shifted to higher v's, while that for the contribution to d is shifted to lower v's, relative to the v-weighted equilibrium distribution function. The higher v's are more effective in causing inelastic collisions and so contribute more to the width and, at the same time, since this Pj,j is less, contribute less to the shift.
V. CONCLUSION
The present results show that the semiclassical method yields reasonable results for the linewidths, both for the cases where a classical-like method had been used 4 and also for the case (HCl-Ar at low j's) where a classical path plus coupled equations for quantum internal states method had been employed. 5 As expected, the results for the lineshifts are less accurate than those for linewidths, but on the whole are reasonable. 
where w 1 is] /I, wj is J 1 /I, and both R and R 1 not only lie outside the interaction region, but also at a large enough R and R 1 that the (long range) centrifugal potential is negligible. If, instead, one begins a numerical integration of the trajectories at a point outside the interaction region but inside the "centrifugal potential region," the integration from that point to larger R (R = oo and R' = oo) can be performed analytically, by integrating the equations of motion using the unperturbed Hamiltonian Ho,
(at largeR).
The variables q 1 , q 1 , and R are canonically conjugate to}, f, and P R • Hamilton's equations of motion outside the interaction region yield
Ifweusex(t)orx(t 1 ), wherexisq 1 , q 1 , R, orv, to denote the values of these varying quantities inside the centrifugal potential region to distinguish them from the values in (B1 ), the analytic integration of the equations in (B3) and introduction of them into (B1) yields
q;=q 1 (t
The results in Eq. (2. 12) can be obtained in the following way. The integral expression for the semiclassical S matrix is given by 
where -f1 V(R, x) ] unchanged, and so leaves the j (t ), l (t ), ), and f in (B9) unchanged. q /t) and q 1 (t) are decreased by 1r, however, and so thereby are q / and qf. Thus,
dl(t)-J:PR R(t)dPR(t)+ i(l+l
Before using this property, we first rearrange the domain of integration. We see from (B8) and (B13) that the product which appears in Eq. (2, 5) for af, 1 ., 11 , will vanish if
is an odd integer. Thus, for it not to vanish, it suffices that (i)j 1 -jf +l-l 1 be an even integer and (ii) that j 1 -j S-(j r j /) also be an even integer. This latter condition shows that 6 and 6 1 can differ at most by an even integer. When condition (ii) is fulfilled, the s" 1 s1 is 4 times larger than the value computed from the (0, 1r)(O, 21r) domain in (B12). However, because of condition (i) only one-half the Z"s appear, and so on the average, if one sums over alll"s, as in (2. 5), the net result is only a factor of 2 greater than that given by evaluating the s"
1 s"i'in the [(0, 1T), (0, 21r)] interval in (B13). When the 2 in dij ,/21T in (B8) is taken into account, the value of s = 1 which appears in (2. 12) results.
We turn next to the verification of the first expression in (2. 12). When the potential has the symmetry that V(R, x) equals V(R, rr-x), the change of q 1 by an amount rr causes no change in the Hamiltonian, and so there is no change in the values ofj(t) and l(t). Introduction of this result into the integral in (B8) shows that
Thus, one obtains from (B12)-(B14) the selection rule that l -l' is even. Since the selection rule that j'-j + l' -l is even was obtained earlier from (B13), the collisional selection rule that j-j' is even also follows. This selection rule was derived in an earlier article in this series of semiclassical papers. 
When the final result of the series of rotations on the left hand side of (C1') is the same as that on the left hand side of (C3), they may be equated and so, therefore, may the right hand sides. Thus, into OD and also corresponds to executing three rotations through the angles -C¥, -{3, and -y in Fig. 2 . In either case, this net rotation of axes is equivalent to rotating a field point D into l5 '.
We now apply (C5). The Df, 0 (C¥{3y) appearing in (2. 11) is the same as the right hand side (rhs) of (3. 13) of Part I, but now including the exp(ill 2 ) term in its definition. We thereby have from (3. 13) of Part I, 
The q's are the 2rrw's in Part I. When E 1 -E 1 equals
Ej-E/ only wE-w'E appears in (A2) and is given by (B7).
All of the calculations in the present paper involved i=i', f=f', and hence E 1 -E 1 =El -E}.
We wish to show that the lhs of (.C6) defines a rotation matrix, with angles et{3y given by Fig. 2 
which shows that the lhs of (C6) equals Df. 6 (af3y) and thus justifies using this symbol for it in (2.11).
For purposes of additional interpretation of the rotations in (C10), it is convenient to use a more conventional notation (e. g. and OD' in Fig. 2 into ones which lie along j and on. It is also, thereby, the matrix element for transforming a dipole 015 into 015' by a collision, since rotation of the axes is equivalent to rotation of the system in the opposite sense.
